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1 Preliminaries 

Let A; be a field, A a set, X* the monoid of all words on X and A"^ the free semigroup 
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. of nonempty words on A. We denote /c(A_|_) the fc-span of all nonempty words in A. As 
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we know, k{X^) is a free associative algebra without identity and k{X) a free associative 
algebra with identity. It is clear that, for every algebra ^ (not necessarily with 1), we 



^ ■ have =2/ = k{X^)/I for some A and ideal I of /c(A+). For a word w G A*, we denote 



the length of w by deg{w). Let A* be a well ordered set. Let / G A; (A) with the leading 
word /. We say that / is monic if / has coefficient 1. 



^ I Definition 1.1 (JJT^, see also JM/, f^) Let f and g be two monic polynomials in k{X) 
d ■ and < a well order on X* . Then, there are two kinds of compositions: 

(1) If w is a word such thatw = fb = ag for some a,b & X* with deg{f) + deg{g) >deg{w), 
then the polynomial (/, g)w = fb — ag is called the intersection composition of f and g 
with respect to w. 

(2) If w = f = agb for some a,b E X* , then the polynomial (/, g)^ = f — agb is called 
the inclusion composition of f and g with respect to w. 

Definition 1.2 (J^, J^, cf fU^) Let S C k{X) with each s e S momc. Then the 
composition {f,g)w is called trivial modulo S if {f,g)w = '^OiiaiSibi, where each ai G k, 
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Oj, bi G X* and aiSihi < w. If this is the case, then we write 

{f,g)w^O mod{S,w) 
In general, forp,q G k{X), we write 

p = q mod{S, w) 

which means that p — q = Yl caf^iSih, where each ai G k, ai, bi G X* and aiSihi < w. 

Definition 1.3 (J^, JE^, cf. JU^) We call the set S with respect to the well order a 
Grobner-Shirshov set (basis) in k{X) if any composition of polynomials in S is trivial 
relative to S. 

A well order > on X* is monomial if it is compatible with the multiplication of words, 
that is, for u,v E X*, we have 

u > V ^ W1UW2 > W1VW2, for all Wi, W2 G X*. 

A standard example of monomial order on X* is the deg-lex order to compare two words 
first by degree and then lexicographically, where X is a linearly ordered set. 

The following lemma was proved by Shirshov [Tl| for the free Lie algebras (with deg-lex 
ordering) in 1962 (see also Bokut [2]). In 1976, Bokut [3] specialized the approach of 
Shirshov to associative algebras (see also Bergman [T]). For commutative polynomials, 
this lemma is known as the Buchberger's Theorem in [5] and [6]. 

Lemma 1.4 (Composition- Diamond Lemma) Let k be afield, A = k{X\S) = K{X) /Id{S) 
and < a monomial order on X* , where Id{S) is the ideal of k{X) generated by S. Then 
the following statements are equivalent: 

(i) S is a Grobner-Shirshov basis. 

(a) / G Id{S) =^ f = asb for some s E S and a,b E X* . 

(Hi) Irr{S) = {n G X*\u ^ asb,s G S,a,b E X*} is a basis of the algebra A = k{X\S). 

The following lemma comes from [8] ([8], Lemma 4.2) which is essentially the same as 
Lemma II. 4[ 

Lemma 1.5 (Composition-Diamond Lemma) Let k be a field, S C K{Xj^) he monic, 
A = k{X-^-\S) = K{X+) / Id{S) and < a monomial order on X~^ , where Id{S) is the ideal 
of k{X+) generated by S. Then the following statements are equivalent: 

(i) S is a Grobner-Shirshov basis. 

(a) / G Id{S) =^ f = asb for some s E S and a,b E X* . 

(Hi) Irr{S) = {u G X^\u 7^ asb,s E S,a,b E X*} is a basis of the algebra A = k{X^\S). 
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Remark: Suppose that 5* C K{X^) is a Grobner-Shirshov basis. In the (iii) of Lemma 
11.51 1 ^ Irr{S) but not the case in the Lemma Fl. 41 

For convenience, we identify a relation u = fu oi an algebra presented by generators 
and relations with the polynomial u — in the corresponding free algebra. 

The concepts of the extension of algebras was invented by Hochschild [9] (also see [7] 
and [ID]). 

Definition 1.6 Let k be a field, M,B,TZ k-algebras (not necessarily with 1). Then TZ is 
called an extension of M by B if = 0, M is an ideal of TZ and TZ/M = B as algebras. 

In [H], such an extension is called a singular extension. 

2 Characterizations of extensions of algebras 

Let M, B be fc-algebras, = and M a S-bimodule. 

By a factor set {(6, h')\h, b' G B} of B in M we mean that {{b, b')\b, b' G B} is a subset 
of M such that the function (6, b') is fc-bilinear. 

Let I, J be linearly ordered sets, {bi\i G /}, {mj\j G J} fc-bases of B and M, respec- 
tively and {(6, b')\b, b' G B} a factor set of B in M. Denote 

A = EkiM,B,ib„b,)) = k{i{m^},{k}) + \S) 

where 5" = {bpbq = [bpbq] + {bp,bg),bpmj = [bpmj],mjbp = [mjbp],mjmi = 0,p, g G /, j, / G 
J} and for example, [bpbq] = ^pq^i^ ^pg ^ the product in B. 
We order the set {{mj}j U {bi}i)~^ by the deg-lex order. 

Equipping the above concepts, we have the following theorems which give characteri- 
zations of extensions of algebras. 

Theorem 2.1 LetM,B be k-algebras, = 0, M a B-bimodule, {bi\i G /}, {mj\j G J] 
k-bases of B and M, respectively and {{b,b')\b,b' G B} a factor set of B in M. Let 
A = Ek{M,B,{bp,bg)) = k{{{mJ,{bi})+\S), where S = {bpbq = [bpbq] + {bp,bq),bpmj = 
[bpmj],mjbp = [mjbp],mjmi = 0,p,q E G J}. Then, S is a Grobner-Shirshov bases 

for A if and only if the factor set satisfies the following condition in M: for any p,q,r E I 

bp{bq, br) - {bpbq, br) + (6p, bqbr) - {bp, bq)br = (l) 

i.e., the function {b,b') is a cocycle. 

Moreover, if this is the case, A = Ek{M,B, {bp,bq)) = k{{{m_.}, {bi})^\S) is an exten- 
sion of M by B in a natural way. 

Proof. Suppose that ([T]) holds. Then the possible compositions in S are related to the 
following ambiguities: 

w = bpbqbr, rrijbpbq, bpbqrrij, mjmirrin, rrijmibp, bprrijmi, bprrijbq, rrijbpmi. 
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For w = mjUiimn, rrijmibp, bpnijmi, bpTrijbq, rrijbpmi, by noting that [[mjm;]m„] = 
[mj[m/m„]] = 0, [[mjmi]bp] = [mj[mibp]] = 0, [[bpmj]mi] = [bp[mjmi]] = 0, [[nijbplmi] = 
[mj[bpmi]] = and [[ip'Tijjfeg] = for any j,l,n G J, p,q & I, the correspondent 

compositions are trivial modulo S. 

For w = nijbpbq, since [[^j&p]&g] = ["^ji^p^g]] and mj{bp,bq) = 0, we have 

{nijbp - [mjbp],bpbg - [bpbg] - (bp, bg))^ = -[mjbp]bg + mj{[bpbg\ + (bp, bg)) 

Similarly, for w = bpbgfrij, the correspondent composition is trivial modulo S. 

For w = bpbgbr, by noting that [[&p&g]&r] = [&p[&g&r]], we have 

{bpbg - [bpbg] - {bp, bg), bgbr - [bgbr] - {bg, br))w 

= + iK bq))br + bp{[bgbr] + {bg, br)) 

= -[[bpbq]br] - {bpbg, br) - {bp, bg)br + {[bp[bgbr]] + {bp, bgbr) + bp{bg, br)) 
= mod{S, w) 

Thus, all compositions in 5* are trivial modulo 5*. 

Conversely, if 5* is a Grobner-Shirshov bases for A, then, by noting that for w = bpbgbr, 
the compositions are trivial modulo S, we can easily check that the condition ([1]) holds in 
M = {M + Id{S))/Id{S). Then, by using Lemma [1.51 the algebra M is the same as M. 

Moreover, assume that 5* is a Grobner-Shirshov bases for A. Then, by Lemma [T31 each 
element r ^ A can be uniquely written as r = m + 6, where m G M, b E B. Hence, 
A = M (BB a.s fc-modules with the following multiplication: for any m, m' G M, b, b' G B, 

{m + b) ■ {m! + y) = mb' + bra' + {b, b') + bb' . 

From this it follows that M is an ideal of A and A/M = B as algebras. □ 



Theorem 2.2 Let M,B,n he k-algebras with = 0. If TZ is an extension of M by B 
and o : V^jM ^ B , + M ^ b an algebra isomorphism, then M is a B -himodule in a 
natural way: for any b E B, m G M, 

b ■ m = rbm, m ■ b = mrb (2) 

and there exists a factor set {{b, b')\b, b' G B} of B in M such that for any b, b', b" G B, 

b{b', b") - {bb', b") + {b, b'b") - {b, b')b" = 0. 

Moreover, TZ = A as algebras, where A = Ek{M,B,{bp,bq)) = k{{{m.},{bi})^\S), 
{m^}j, {bi}i are any linear bases of M and B respectively and S = {bpbg = [bpbg] + 
{bp,bg),bpmj = [bpmj],mjbp = [mjbp],mjmi = 0,p,q E E J}. 

Proof. Clearly, as fc-modules, 71= M ®C, where C = ^'^bi with a basis {r?,. |i G /}. 
Thus, for any b,b' E B, we have + r^' = r^+y because a is an algebra isomorphism. 
Since (r^ + M){ry + M) = r^ry + M = r^y + M, there exists a unique {b,b') E M 
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such that rf,rfe/ = Tbi,' + {b,b'). Then, it is easy to see that M is a 5-bimodule with 
the module operations (E]) and the function {b, b') is /c-bihnear. For example, for any 
b,b',b" G B,m E M, {bb')-m = rw'm = {rbrb' — {b,b'))m = {ri,ri,/)m = rhirh'tn) = b-{b'-m). 
Also, since Tbiry + r^//) = r^rb/ + r^r;,// = rbrb'+b", we have (6, b' + b") = (6, b') + {b, b"). 

Moreover, by noting that {rbrb')rb" = rb{rb'rb»), we know that the factor set {{b, b')\b, b' G 
B} satisfies 

bib', b") - {bb', b") + (6, b'b") - (b, b')b" = 0. 
Now, we prove that TZ = A a.^ algebras. For any m, m' G M, c, c' G C, 

(m + c) ■ {m! + c) = mc + cm' + (c, c') + cc' 

where (c, c') = Y.p,q'^p'^'q%^^q) if c = Y^papn^, c' = Then, by the proof of 

Theorem 12.11 it is easy to see that r : TZ^ A by T{mj) = rrij, T{rb-) = bi is an algebra 
isomorphism. □ 

By Theorem 12.11 and Theorem 12.21 we have the following theorem. 

Theorem 2.3 Let M, B, TZ be k-algebras with = 0. Then 7^ is an extension of M by 
B if and only if M is a B-himodule and there exists a factor set {(6, b')\b, b' G B} of B in 
M such that for any b, b', b" G B, 

b{b', b") - [bb', b") + (6, b'b") - (b, b')b" = 

and IZ = A = E^^M, B, {bp,bg)) = k{{{m-},{bi})^\S), where and {m^}j are any 

linear bases of B and M respectively, S = {bpbg = [bpbq] + {bp,bg),bpmj = [bpmj],mjbp = 
[mjbp],mjmi = 0,p,q e I,j,l e J}. 

Now, we consider the general case when the algebra B is presented by generators and 
relations. 

Let M,B be A;-algebras, = 0, M a S-bimodule, B = k{X+\R), where R is a 
Grobner-Shirshov bases for B with the deg-lex order <_b on X~^. 

For convenience, we can assume that i? is a minimal Grobner-Shirshov bases in a sense 
that the leading monomials are not contained each other as subwords, in particular, they 
are pairwise different. Let R = {u — fu\u G A}, where u is the leading term of the 
polynomial hu = u — fu in k{X^). Let 

A = Ek{M,X, (u)) = k{{{mj U 

where {m.}j is a basis of M, Si = {u = fu + {u),u G A, xrrij = [xmj],mjX = 
[rrijx], rrijmi = 0,x G X,j,l G J} and {{u)\u G A} C M. For convenience, we also 
call G A} a factor set of B in M. 

We order the set ({m^}jUX)+ also by the deg-lex order which extends <b and satisfies 
X > rrij for any x & X and j G J. 

In ^i, the possible compositions are related to the following ambiguities: 

Wi = w, rrijU, urrij, mjmirrin, rrijmix, xrrijmi, xrrijx', rrijxmi 
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where w is an ambiguity appeared in R. 

For wi = mjUiimn, mjUiiX, xrrijmi, xrrijx', rrijxmi, by noting that [[mjmz]m„] = 
[mj[m/m„]] = 0, [[mj-m/jx] = [mj[mia;]] = 0, [[xm^Jm;] = [x[mjm;]] = 0, [[mjxjm;] = 
[mj[xmi]] = and [[xm^Jx'] = [x[mjx']] for any j,l,n G J, x,x' G X, the corresponding 
compositions are trivial modulo Si. 

For Wi = rrijU, u = Xi ■ ■ ■ Xt, we have 

(nijXi - [mjXi\,u- {fu + (u)))^^ = -[mjXi]x2 ■ ■ ■ Xt + mj{fu + (u)) 
= -[■ ■ ■ [[mjXi]x2\ ■ ■ ■Xt]+ rrijfu + mj{u) = -[rriju] + [rrijfu] = mod{Si,Wi) 

Similarly, for wi = unij, we have {u — (/„ + {u)),xmj — [xm^])^^ = mod{Si,wi). 

Since i? is a minimal Grobner-Shirshov bases, all compositions in R are only intersection 
ones. 

Now, for Wi = w = UiC = du2, Mi, M2 G A, c,d E X~^, we have 

(Ui - {fu^ + M2 - ifu^ + (m2)))u,, = + iUl))c + d{fu^ + (Ug)) 

= (dfu^ - fu^c) + {d{u2) - (mi)c) 
Since the composition {hu_^, hu^)^^ in R is trivial modulo i?, it follows that in k{X^), 
{hu^,K^)w^ = dfu^ - fu^c = ^aiai{u[ - fu'Jbi (3) 
where each G k, ai,bi G X*, G A and aj(u' — fu')bi = aiu'Jji < Wi. Therefore, in 

i 

k{{{mj} U we have 

= ^ aittiiu'i - fu'^ - {u[))hi + ^ aiai{u[)hi - {{ui)c - d{u2)) 

where ai{u[ — fu', — {u'^))bi = aiu'Jji < wi. From this it follows that 

{ui - ifu^ + U2 - ifu^ + iu2)))u,^ = 9{m,u2)^ (u) Tnod{Si, Wi) (4) 

where g{ui,u2)^{'u) = J2 (^i^ii'^'iJ^i ~ ((""1)^ — d{u2)) G M is a function of {{u)\u G A}. 
In fact, by ([3]), we have an algorithm to find the function g(ui,u2)^- 
Therefore, we have the following theorem. 

Theorem 2.4 Let B = k{X^\R), where R = {u — G A} zs a minimal Grobner- 
Shirshov bases for B and u the leading term of the polynomial hu = u — fu in A;(X+). Let 
M be a k-module, JVP = 0, M a B-bimodule, {mj}j a k-basis of M and {{u)\u G A} a 
factor set of B m M. Let A = Ek{M,X, {u)) = A;(({mjj U where Si = {u = 

fu + {u),xmj = [xmj],mjX = [mjx],mjmi = 0, m G A, x G X, j, / G J}. Then, Si is a 
Grobner-Shirshov bases for A if and only if 

{9{m,u2\, (u) I {hu^ , hu^ )uj IS a composition in R} = (5) 

where g(ui,u2)^ ('^) defined by Moreover, if this is the case, A is an extension of M 
by B in a natural way. 
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Proof. Assume that 5*1 is a Grobner-Shirshov bases for A. Then, by the previous 
statements, for any composition {Ui, 1/2)^ in R, g{ui,u2)^ 

= OmM= {M + Id{S))/Id{S). 
Then, by using Lemma fT75| the algebra M is the same as M. So, the ([5]) holds. Conversely, 
if ([5]) holds, then it is clear that 5*1 is a Grobner-Shirshov bases for A. 

We need only to prove that A is an extension of M by i? in a natural way if (I5l) 
holds. By Lemma II. 5^ each element r E A can be uniquely written as r = m + 6, where 
m e M, 6 e -B is -R-irreducible. Hence, A = M ® B as fc-modules with the following 
multiplication: for any m, m' G M, 6, 6' G -B, 

(m + 6) ■ {m + h') = mb' + bm' + {ub^b') + bb' 

where bb' = [bb'] mod^R), [bb'] is i?-irreducible and {ub^') G M is a function of {{u)\u G A}. 
From this it follows that M is an ideal of A and A/M = B as algebras. □ 

Theorem 2.5 Let B = k{X^\R), where R = {u — fu\u G A} zs a minimal Grobner- 
Shirshov bases for B and u the leading term of the polynomial hu = u — fu in k{X^). 
Let M,TZ be k-algebras with = 0. IfTZ is an extension of M by B and a : TZ/M — > 
5, r^ + M ^ X an algebra isomorphism, then M is a B-himodule with a natural way: for 
any x G X, m G M , 

X ■ m = TxTTi, m ■ X = rnvx 

and there exists a factor set {{u)\u E A} of B in M such that 

{g{ui,u2)^iu)\{hu^, hu^)^ is a composition m R} = 

where g{ui,u2)^ ('?^) defined by Moreover, 71 = A as algebras, where A = E^^M, X, (u)) = 
k{{{m.}jU{X})^\Si), {mj}j a k-basis of M and Si = {u = fu + {u),xmj = [xmj],mjX = 
[rrijx] , rrijmi = 0, u G A, a; G X, j, / G J}. 

Proof. It is clear that M is a 5-bimodule under the given operations. 

For any m G A, since + M = Vf^ + M, there exists a unique (u) G M such that = 
rj^ + (m). By noting that each composition hu^)^ in R, {hu_^, hu^)^ = mod{R,w), 
we have that g{ui,u2)^{u) = in M by (El). 

Now, by using the proof of Theorem 12.41 5*1 is a Grobner-Shirshov bases for the algebra 
A and then the result follows. □ 

The following theorem, which gives a complete characterization of an algebra to be an 
extension of M by -B, follows from Theorem 12.41 and Theorem 12.51 

Theorem 2.6 Let M,B,n be k-algebras with = 0, B = k{X+\R), where R = {u - 
fu\u E A} is a minimal Grobner-Shirshov bases for B and u the leading term of the 
polynomial hu = u — fu in k{X^). Then TZ is an extension of M by B if and only if M 
is a B-bimodule and there exists a factor set {{u)\u E A} of B in M such that 

{g{ui,u2)^{u)\ihu^, K^)'^ is a composition m R} = 

and n = Ek{M,X,{u)) = k{{{m^}j U {X})^\Si), where g(m,u2\,{^) defined by 
{rrij} J a k-basis of M and Si = {u = fu + {u),xmj = [xmj],mjX = [mjx],mjmi = 0, m G 
A,x G X,j,l G J}. 
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3 Applications 



Let M,B,nhe fc-algebras with = 0. The previous theorems give an answer to how to 
find the conditions which makes TZ to be an extension of M by -B. We call the condition 
(jl]) the extension condition of M by B. In fact, for the extension condition, it is essential 
to find the function g{ui,u2)^{'u), which can be obtained by algorithm ([3]). 

As results, by using the extension conditions, let us give some examples. We give the 
characterization of the extension of M by S when the B is cyclic algebra, free commutative 
algebra, universal envelope of the free Lie algebra and Grassman algebra respectively. 

Theorem 3.1 Let M,B,n be k-algebras with M'^ = and B = k{{x}+\x'^ = f{x)) a 
cyclic algebra, where n is a natural number and f{x) is a polynomial of degree less than 
n such that /(O) = 0. Then, TZ is isomorphic to an extension of M by B if and only if 
M is a B-bimodule, there exists an m & M such that mx = xm and TZ = Ek{M, x, m) = 
k{{{m^}jU{x}) + \S), where {mj}j is any k-basis of M and S = {s" = f{x) + m, xrrij = 
[xmj],mjX = [mjx],mjmi = 0,j, / G J}. 

Proof. Clearly, R = {x" = f{x)} is a Grobner-Shirshov bases for B. We need only to 
consider the composition in S: (x" — f{x) — m, x"" — f{x) — m)^,-, w = x""^^. Thus, we 
obtain the extension condition: mx = xm. Now, by Theorem 12.61 the result follows. □ 

Theorem 3.2 Let M,B, TZ be k-algebras with = 0. Let X = {xi\i e I}, I a well 
ordered set and B = k{X^\xpXq = XqXp, p > q, p,q & I) the free commutative algebra 
generated by X. Then, TZ is isomorphic to an extension of M by B if and only if M is 
a B-bimodule, there exists a factor set {{xp,Xq)\p > q, p,q E 1} of B in M such that for 
any p,q,r E I, p > q > r, 

andlZ = Ek{M,X, (xp,Xq)) = k{{{m^}j U X)+\S) , where {mj}j is any k-basis of M and 
S = {xpXq = XqXp + (xp,Xg), XpUij = [xpnij], nijXp = [mjXp],mjmi = 0,p > q, p,q E 

l,j,leJ}. 

Proof. Let R = {xpXq = XqXp\p > q, p,q & I}- Then, for the deg-lex order on X"*", R is 
clearly a Grobner-Shirshov bases for B and only one kind of compositions are in R, i.e., 
{xpXq — XqXp,XqXr — XrXq)w, w = XpXqXr, p,q,r & I, p> q> T. Then, in S", by calculating 

the composition ( XpXq XqXp yXp^ Xqjj X^Xf XyXq \yXq-j X^jjuj-j UJ — XpXqXy>j Pj (Jj T" ^ 

J, p > q > r, we obtain the extension condition Now, by Theorem 12. 6[ the result 
follows. □ 

The following theorem is a generation of Theorem 13. 2[ 

Theorem 3.3 Let M,B,n be k-algebras with = 0. Let X = {xi\i E I}, I be a 
well ordered set, L = Liek{X\[xpXq] = Xlie/ '^pg-^*' Vil ^ I) Lie algebra and B = 
U{L) = k{X^\R) the universal envelope of the Lie algebra L, where each a^^ G k and 
R = {XpXg = XqXp + [XpXq] \p > q, p,q E I}. Then, TZ is isomorphic to an extension of M 
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by B if and only if M is a B-himodule, there exists a factor set {{xp,Xq)\p,q G /} of B 
in M such that for any p,q,r & I, p > q > r, 

andn = Ek{M,X, {xp,Xg)) = k{{{mJjUX)+\S), where {xp,Xg) = -{xg,Xp), {xp,Xp) = 
for any p,q G /, {mj}j is any k-basis of M and S = {XpXg = XgXp + [XpXg] + 
{xp,Xg), Xpfrij = [xpmj],mjXp = [mjXp],mjmi = 0,p> q, p,q E E J}. 

Proof. By [1], for the deg-lex order on X~^, Ris a Grobner-Shirshov bases for B and only 
one kind of compositions are in R, i.e., {xpXg — XgXp — [xpXg],XgXr — XrXg — [xgXr])w, w = 
XpXgXr, p,q,r E I, p > q > r. Since, in S, 

I ry nr* /y /y 'ir' /y ( /y /y \ /y /y /y /y /y /y ( /y /y \ \ 

yjjpj^q j^qdjp yvp^q]^ \^pi ^qji -^q-^r J^j-J^q y^q^^.]^ \^qi ) )w 
(yOCqXpXf^ ~\~ ^pCpX(^Xf ~\~ (yXp^ X q^OC-^^ ~\~ (yXpOCf'Xq ~\~ OCp^XqOCj^ ~\~ CCp(^Xq^ Xf^^ 

— (^Xqi^X'pXp ~\~ ^XpX^''^ ~\~ (^Xpj ^ ^ ~\~ ^XpXq^Xf ~\~ (^Xp^ Xq^X^^ 
~\~(^(^Xj'Xp ~\~ ^XpXii^"^ ~\~ (^Xp^ Xf^^Xq ~\~ Xp^XqXf'^ ~\~ Xp(^X q ^ Xf>^^ 

— X qX fX p 

— {Xg[ XpXf"^ ~\~ ^XpXq^Xj-'j (^Xq(^Xp^ Xf^ ~\~ (^Xp^ Xq^Xf ^ 

+ , y , y , y I , y , y , y I ly ly ly I [ /y /y \ /y I /y I /y /y \ 

jj iXj piXj q I p ^ J g I p ^iaj q 1^ j I J q \ •Xjpy^iXj qi^ iJ^-p j 

= {x^Xq ~h [^g^r] H" is^q-) ^r))'^p H~ Xf{XpXq ~h [^p-^g] H" (-^p? ^q)^ 
-|- [XpXqrJx^') {Xq{Xp^Xf-) -\- [Xp^Xq^X^^ 

I ^XypX^Y^Xyq I li/^ ^ j I (^Xy p J tl^ tlj q I Xy p(^Xy q ^ iX 
( /y /y \ /y /y I /y /y 1 ( /y /y 1 /y I ( /y /y 1 /y I /y I /y /y 1 I /y I /y /y 1 

— V^qj J^p q \^p^ ) x^P'i q j'^T ~r y-^p^ J ^q t \^q^ ) ~r ^ry^pj ^q J 

[If nf If If If If If If I /y /y /y I ly ly ry I ly /y ly 

ju qJu f ^ p q y^Xj pJU f j ^iAj pii^ q j iXj f \ yiXj p^Xj f ^ ^Xj q \ •X-^ p q'X^ v j I •Xj f l^*-*-' p^x^ gj 

and by using Jacobi identity [[xpXrJa;^] + [^[xga;^]] + [xr.[a;pXg]] = 0, 

— ('^^['^p'^r] ~t~ [[^p^rj^g] ~t~ ( ['^p'^r] 5 -^(j) ) ~t~ ([^q*^r]*^p ~t~ [^^pf-^g^r]] ~t~ ('^p? [•^g'^r])) 
~l~ ( [•^P'^gJ'^r ~l~ [-^r [-^p-^g]] ~l~ (-^r; ["^p-^g])) 

^~ W'^P'^v\Xq^ ~\~ \Xp\^XqXj'^^ ~\~ [^/^[XpXg]] ~1~ ["^g^rj^p ~t~ ('^g[*^p*^r] ~t~ [*^p'2^g]*^r 

-|-(Xp, [XgXf]) ~l~ (3^r! [■^p'^g]) ~l~ ( [-^p-^r] j -^g) ) 
= ~1~ ~t~ [XpX^^jxT' ~1~ i^Xp^ \XgX^Y) (-^r? ["^p^g]) ~t~ ([^p^r]? ^g)) 

we have the extension condition mentioned in the theorem. Now, by Theorem 12.61 the 
result follows. □ 

Theorem 3.4 Let M,B,7l be k-algebras with = 0. Let X = {xi\i G /}, I be a well 
ordered set, B = k{X^\R) the Grassman algebra, where R = {x^ = 0, ptX q tXjqiljp \p > 
q, p,q E I}. Then, TZ is isomorphic to an extension of M by B if and only if M is a 
B-bimodule, there exists a factor set {{xp,Xg)\p > q, p,q E 1} of B in M such that for 
any p,q,r E I, p > q > r, 

(Xq, Xg^Xr XfiyXq^ Xg) -|- (-^g) X^^Xg Xg{Xq^ Xj.) 

^Xy, X X g Xg^Xy, X|^^ | ^Xg, Xy^^Xy X ^ ^X g ^ Xy^ 

(n/^ ry I ry I | ry ry \ ry I | ry ry I ry ry | ry ry I ry | ry ry I ry | ry ry I I 1 

Jj g , tlj j <^ p I \^<-fr p , lAr if J tAy g | \^tAy p , tAj g J tlj tAr g \^tAy p , tAy ip j tAy p \^tAr g , tAy p J p \^tAj p , tAj g J W 
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and IZ = Ek{M, X, {xp, Xg)) = k{{{m^}j U X)+\S), where {mj}j is any k-basis of M and 
0,p > g, p,g G IJJ e J}. 

Proof. By for the deg-lex order on X+, i? is a Grobner-Shirshov bases for B and 
the possible compositions in R are related to the following ambiguities: wi = x'^Xr, W2 = 
Xqxl, W3 = XpXqXr, p,q,r E I, p > q > r. Then, in S, by calculating the correspond- 

111^ COrXipOSltlOHS. (^X q (^Xq^ Xq^^ XqXf ~\~ XfXq (^Xq^ ^v^^wi^ ^'^Q'^t XyXq i^Xq^^ Xf^^j X^ 

we obtain the 

extension conditions mentioned in the theorem. Now, by Theorem 12.6^ the result follows. 

□ 

Acknowledgement: The author would like to express his deepest gratitude to Professor 
L. A. Bokut for his kind guidance, useful discussions and enthusiastic encouragement 
when the author was visiting Sobolev Institute of Mathematics. 
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